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Abstract 

By variational methods, for a kind of Webster scalar curvature problems 
on the CR sphere with cylindrically symmetric curvature, we construct some 
multi-peak solutions as the parameter is sufficiently small under certain as- 
sumptions. We also obtain the asymptotic behaviors of the solutions. 
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1 Introduction and main results 

The Webster scalar curvature problem on the CR sphere can be briefly discussed 
below. Let 6q be the standard contact form of the CR manifold S^"'^^. Given a 
smooth function $ on S^"^^, the Webster scalar curvature problem on S^""^^ consists 
in finding a contact form 6 conformal to such that the corresponding Webster 
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scalar curvature is $. This problem is equivalent to solve the following equation 

(1.1) bnAeM^) + Cnvi^) = ^^)v{^f--\ ^ e 

where 6„ = 2 + 2/n, Aq^ is the sub-Laplacian on (S^"'^-'^, 6q) and c„ = n{n + l)/2 is 
the Webster scalar curvature of If > solves ([LID, then (§2«+i, ^2/^^^) 

has the Webster scalar curvature $. We refer to [14j for a more detailed presentation 
for this problem. 

Using the Heisenberg group H"' and the CR equivalence F : E>'^^~^^ \ {0, ■ ■ ■, — 1} 

(1.2) F{A, ■ ■ ^„+i) = (t^^, ■ ■ T^^, ) , 

V 1 + ifn+l 1 + Vn+1 1 + ^'n+l ^ ^ 

Equation (11. ip becomes, up to an uninfluent constant, 

(1.3) -Ae.n(C) = <f(C)«(C)^, C e H". 

Here Ajj" is the Heisenberg sub-Laplacian, Q = 2n + 2 is the homogeneous dimension 
of H" and $ corresponds to $ in the equivalence F. 

In this paper, we shall give some existence results for the concentration solutions 
to problem fll.ll) or (11.31) . under suitable assumption on the prescribed curvatures. 
In particular, we shall mainly assume that the prescribed curvature $ has a natural 
symmetry, namely a cylindrical-type symmetry. 

The Yamabe problem on CR manifolds has been extensively investigated and 
many interesting results have been obtained, we can refer to (TUl HH [T21 [151 US]. On 
the contrary, concerning the Webster scalar curvature problem, there are very few 
results established. In recent years, there has been a growing interest on equations 
of the same kind of (II. ip or (I1.3P and various existence and non-existence results 
inspired by this topic have been established by several authors, for example, we can 
refer to [5l [Gj [H [121 [13 (SIl and the references therein. However, these results are 
quite different in nature from the results we shall prove in this paper and do not 
apply directly to the Webster scalar curvature problem. Recently, in \19\, Malchiodi 
and Uguzzoni obtained an interesting result for problem (I1.3P in the perturbative 
case, i.e., when $ is assumed to be a small perturbation of a constant. 
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The aim of this paper is to study a natural case that problem (11.3p has cylindrical 
curvatures t) = which correspond on S^""*"^ to curvatures $ depending 

only on the last complex variable of C C"^^. Concerning this case, in [13] 

and [7j, via the abstract Ambrosetti-Badiale finite dimensional reduction method 
PQ 12] , some results analogous to those found in P] in the Riemannian setting were 
verified in the CR setting. However, we should point out that, by Corollary 1.3 
below, the solutions found in [T3| and [7| are closed to the manifold {Vs^\{Z,t) : A > 
0, s G M} (for the definition, see (11. 5p ) and do not have the concentration properties. 
In the present paper, we will construct some solutions which concentrate on some 
maximum points of the prescribed curvature as some parameter varies. In particular, 
our restriction on the prescribed curvature is totally different from that in [13] or [7], 
more precisely, we only need to impose some kind of flatness condition on each local 
maximum point of the prescribed curvature. 

To state our main results, we first give some notations. 

Let us denote a point in H" = C" x M = R^" x R by C = (^, t), ^ = x + iy, and 

by 

the homogeneous norm in H". In the sequel, we shall always suppose that $ is con- 
tinuous and bounded on H", and $ has cylindrical symmetry, i.e. ^{Z, t) = $(|Z|, t). 
Define the space of cylindrically symmetric functions of FoUand-Stein Sobolev space 
5(J(H"), namely 

S'JW') = {ue 5o^(H") : u{Z,t) = u{\Zlt)}, 

where (H") is defined as the completion of C^(E[") with respect to the norm 

ll^ll|i(H") = / \^m"u\'^dZdt. 

Let us observe that ^^^^(H") is a Hilbert space endowed with the scalar product 
{u,v) = Vh"M ■ Vh^'Wc/Vh"- It is known (see [T6]) that all the positive cylindrical 
symmetric solutions in ^(^(KI") to the problem 

(1.4) - AanV = VQ^, V e S^ilT) 
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are of the form 

(1.5) Vs,x{Z, t) = c^X^V^ (\\Z\,\\t - s)) , 
where A > 0, s G M, cq is a suitable positive constant, and 

We first deal with problem (11.3P in the case in which $ is closed to a constant, 
namely, the perturbation problem 

Q+2 

(1.6) - ^uMZ,t) = {l+eK{Z,t))u{Z,t)—\ {Z,t)eW, 

where e > is a small parameter, K{Z,t) = K{\Z\,t) is a bounded cylindrical 
function on H" and satisfies that for some 6 > 

K{Z, t) = K{0, t) + ^iZpT' + a\t - tr + 0((|Z|2, t) - (0, t)r+-), 
(Z,t)G{(Z,t)e" : p((Z,t)-(0,t)) <5}, 

where ^, a, 7 and a are some constants depending on t, ^ < 0, a < 0, 7 G (1, n) and 
a G (0, 1). 

On fll.6p . we have 

Theorem 1.1. Suppose that n > 1 and K{Z,t) satisfies (11. 7p m i/ie neighborhood of 
(0,t^), (0,?), (? 7^ ?). r/ien i/iere exists 60 > such that for e G (0,£:o), ([^61) /ias 
a solution in Sly{M^) of the form 

2 

w,(Z,t) = J]v;.,^_^.(Z,t)+t;,(Z,t) 

wi/i Aej -> +CX), 4 t-' (j = 1, 2j and G S']^(H"), ||t;e||5i(e") as e ^ 0. 

We also consider the non-perturbation problem {\1.3\i . In the following result, we 
can find some solutions to (11.31) concentrating at exact two points and the distance 
between these two points can be very large. Moreover, we construct infinitely many 
solutions for ( II. Sp or ( II. ID under the condition that $(C) has a sequence of strictly 
local maximum points moving to infinity. 
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Theorem 1.2. Assume that ^{Z,t) = ^{\Z\,t) is bounded and continuous inW^ {n > 
1) and satisfies: 

$(Z, t) has a sequence of strictly local maximum point {0,P) G H" such that 
p{{0,P)) — > +00 and in a small neighbourhood of each {0,P), there are constants 
Kj > and 7^ E {n, n + 2) such that 

(1.8) ^Z,t) = K,-Q,{{\Z\,t)-{0,P))+R,{{\Z\,t)-{0,P)), p((Z,t),(0,P)) <z/, 

where Kj satisfies < ci < Kj < C2 < 00, j = 1, ■ ■ ■, Qj satisfies 

aod^r + < QA\Zlt) < a,{\Z\' + t'f-^, J = 1,- ■ 

for some constants < < cii < 00 independent of j , and Rj{\Z\,t) satisfies 
Rj{\Z\,t) = 0{{\Z\'^ + t'^)^~) for some cr > independent of j. 

Then for each small fx > and , we can find another strictly local maximum 
point P'^ , such that (11.31) has a solution in SqIM") of the form 

2 

u = Y,[mi")]-''^'V,n,,^^{Z,t) + v{Z,t), 
1=1 

where 

\\v\\sl^iM-)<fi, \P'-P'\<fi, \t''-t^'\>^, ^^'-l' 

We should point out here that if ^{Z, t) is not a constant identically, our assump- 
tion that $(Z, t) has at least at two points is necessary for the existence of solutions 
to our problems. Indeed, if m is a solution to (11.31) . then u satisfies the following 
identity: 

/ {{Z,2t),V<l>{Z,t))uQ^dZdt = 0, 

provided the integral is convergent and K is bounded and smooth (see [I2])- Hence, 
{{Z, 2t), V$(Z, t)) cannot have fixed sign in H". As a resuh, if {{Z, 2t), V$(Z, t)) > 0, 
then ([LTD or (^M) cannot hold in M". If ((Z, 2t), V$(Z, t)) < 0, then there are at 
least two points such that (I1.7P or (II. 8p is satisfied. 

Solutions obtained in Theorem 1.1 above is two-peaked (that is, solutions con- 
centrate at exactly two points simultaneously as e — * 0). However, a direct corollary 
from our proof of the theorems is 
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Corollary 1.3. Under the assumptions of Theorem 1.1 and Theorem 1.2, problem 
(11.31) does not have single-peaked solution(that is, solutions concentrate at exactly one 
point) as 6 0. 

In fact, if Us concentrates exactly at one point, combining the fact ^■^^^Jj^''"^ = Q 
and Lemma 4.1 (where the interaction vanishes), we obtain a contradiction 



Our techniques consist in the transformation of the problems first into a special 
form of critical Grushin-type equations and then into a special form of Hardy-Sobolev- 
type equations on the euclidean space, and the reduction of the problems to a study 
of a finite-dimensional functional by a type of Lyapunov-Schmidt reduction. In fact, 
we will give some existence results of concentration solutions on more general Hardy- 
Sobolev-type equations. We will see later that it is right the transformation of the 
problems into a Hardy-Sobolev-type equations on the euclidean space that helps us 
to obtain more precise estimates and furthermore to obtain more precise solutions. 

We summarize the rest of the paper. In Section 2, we transform the problems 
into Hardy-Sobolev-type equations on the euclidean space and give some more general 
results on the new equations. In Section 3 we give some notations and the sketch of 
the proof of the main results. The Lyapunov-Schmidt reduction is used to reduce an 
infinite system to a finite one. Section 4 is devoted to the proof of our main results 
with degree argument and energy analysis method. For complement, all the basic 
estimates needed are proved in Section 5. 

2 En equivalent problem 

In this section, we follow the idea in [7] to derive an equivalent problem of problem 
(11.31) in the cylindrical case. 

Consider the problem (II. 3p . Recall that the Lie algebra of the left-invariant vector 
fields on H" is generated by 




d 



J = 1, ■ ■ ■ 



n. 
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The sub-elliptic gradient on is given by Vh™ = (-^i, ■ ■ ^-^n, Yi, ■ ■ ^^n) and the 
Kohn Laplacian on H" is the degenerate-elliptic PDO 

n 

Then by direct computation one can see that 

Hence, if u{Z,t) = u{\Z\,t) > is cylindrical symmetric (this is natural in the 
Heisenberg group H"), then problem (11.31) becomes 

(2.1) -Azu-A\Z\\tt = '^{\Z\,t)u{\Z\,t)^^, u>0, (Z,t)GM^"xM, 

where Az is the Eculidean laplacian in M^". 

Equation (2.1) is a special form of the following problem related to the Grushin 
operator 

+ 2 

(2.2) Gu = -AyU-4\y\\, = <l>{y,z)u{y,z)Q^, u > 0, {y,z) xW\ 

where Q = mi + 2m2 is the "appropriate" dimension and is the corresponding 
critical exponent. 

If $ = $(|i/|, z) and u = ip{\y\, z) satisfy problem (12.21) . then 

(2.3) -i)rr{r,z) - — ^-i)r{r,z)-Ar'^A,ip{r,z) = (l>{\y\, z)ij{r, z)^ , 

r 

where r = \y\. 
Define 

f (r, z) = ip{y/r, z). 

Then 

ipriVr, z) = 2\frvr{r, z), iprriy/r, z) = ArVrrir, t) + 2vr{r, z). 
Hence v satisfies 

mi $(-v/r, 2;) Q+2 

(2.4) - Vrr[r, z) - i^Vr[r, z) - A^f{r, z) = — v{r, z) «-2 , 
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that is, V = v{\y\,z) solves the following Hardy-Sobolev-type problem 

k+h 

(2.5) -Auiy,z)=(f){y,z)——, {y,z)eR''xR\ 

\y\ 

where k = ^^^^ h = m2 and z) = z) = ^i^/l^. 

As a result, we can summarize the above facts to conclude that 

Proposition 2.1. Let mi be even and $(?/, z) = then u{y,z) = u{\y\,z) 

solves problem (12. 2p if and only if v{y,z) = u{^^/\y\, z) solves problem (12.51) with 
k = "^y^^ , h = 7712 and (f){y,z) = (j){\y\,z) = '^^^'^'^ . In particular, u{C) = u{\Z\,t) 
solves problem (11.31) if and only if v{\Z\,t) = u{^y\Z\,t) solves problem (12. 5p with 
k = n + 1, h = 1. Moreover, there exists Cn > such that 

(2.6) / \VmM'^dZdt = Cn I \Vv\^dydt. 

Proof. We only prove (12.61) . This can be done by the following calculation: 

„ n 

iWm^'^dZdt = / V(|Xi(M)p + |Fi(M)p)rfZtit 



^2n 



R+xI 



(9r ' ' 9t 
Vv\'^dydt, 



where (and in the sequel) ujn is the measure of the A^— 1 dimensional sphere S^^^. □ 
In the sequel, we will consider a more general problem, that is 



JV 

(2.7) - ^uiy,z) =(piy,z)——, m > 0, (y, 2) G R^^ x = M^, (fc > 2, /i > 1). 

\y\ 

Consider the limiting problem 

JV 

(2.8) -Au=——, M>0, X = (y,z) G M^,M G D^'^(R^), 

8 



iV-2 

12 ■ 



where 

Di'^(R^) = {ue L2(^-^)/(^-2)(|y|,R^) : |Vn| G ^^(M^)} 

and Di'2(]R^) endows the norm ||n|| = {j^^N | Vwpfix)^/^, which is induced by the 
inner produce (m, f) = /j^at VwVf (ix. It is known from [7] that for ^ G M^, A > 0, 
functions 

N — l N — 2 

((l + AblP + A^I^-CI^ 
solve (12:81) . 

Corollary 2.2. f/o,i = S^^Vq,! and cq = (2n)"', where cq and Vq.i are defined by (11.51) . 

Proo/. By ([HD, O and (1^ . we can deduce from Proposition 2.1 that f/o,i — 
2~"Vo,i. Moreover, by direct calculation, we see Cq = {2n)"'. □ 

We first consider the case in which (j){y, z) is a perturbation of a constant, that is 
(/)(?/, z) = 1 + eK{y, z). Suppose that for some 5 > 

K{x) = K{o, r^) + x: e.br + e - ^.r + - (o, m^+n, 

(2.9) j=i i=i 

X G {x G M^(A^ > 3) : \x - {0,f])\ <S}, 

where ^j, a^, 7 and a are some constants depending on fj, aj 7^ for i = 1, • • 

■,k, j = 1, ■■ 7 G (1, A^-2) and cr G (0, 1). Set ^ = (^1, ■ ■ a = (ai, ■ -^a;,). 

Define 



gim, 7r2, 7, ^, a) = J] + J] a^, 

j=i i=i 





r(i - 


\y\ 


\^-\z 


■p)(ix 







where 

r |y|T(l-|y|2-|;z|2)dx 

We remark that by Lemma 5.9, tti < 0, 7T2 < 0. 
Suppose that 

(2.10) (7(vri,7r2,7,e,a)>0. 
Define 

A := |(0,r/) G : D,^K{x)\^^^^ 0, ir(x) satisfies and fl2:T0|) |. 

The following result is corresponding to Theorem 1.1. 
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Theorem 2.3. Suppose that K{y,z) is bounded and continuous in {N > 3), 
(f){y,z) = 1 + eK{y,z), A contains at least two points. Then for each ff, ff G A, 
if 7^ ff , there exists eo > such that for e G (0, Eq), (12.71) has a solution of the form 

2 

with Xsj — >■ +00, rii — > fj^ (j = 1,2) and \\vs\\ — >■ as e — > 0. 

We also construct some solutions to (12. 7p which concentrate exactly at two points 
between which the distance can be very large. This result is a counterpart of Theorem 
1.3. 

Theorem 2.4. Assume that (j) is bounded and continuous in and satisfies: 

(f){y,z) has a sequence of strictly local maximum point {0,fi^) G (A^ > 3) such 
that \ ff\ +00 and in a small neighbourhood of each fj^ , there are constants Kj > 
and 7j G (A^ — 2, A^) such that 

(2.11) (f){x) = K, - Q,{x - (0,f )) + R,{x - (0,f )), X = {y, z) G 5,(0, f), 

where Kj satisfies < Ci < Kj < C2 < oo, j = 1, ■ ■ ■, Qj satisfies 

ookr^ < Qj{x) ^ j = 1, • • •, 

for some constants < ao < oi < oo independent of j , and Rj{x) satisfies Rj{x) = 
0{\x\'^^'^^) for some a > independent of j . 

Then for each small fi > and fj^^ , we can find another strictly local maximum 
point f]^'^ , such that (12. 7p has a solution of the form 

1=1 

where 

\\v\\ < /U, Irj^' —f]^' \ < |U, W'^ —V''^\ ^ ~) -^7; ^ ~- 
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3 Notations and preliminary results 

The functional corresponding to (12.71) can be defined as 

2(N-1) 

^ jRAf - ij j^N \y\ 

In what follows, we mainly concentrate on the case z) = 1 + sK{y, z). Since 
the case for non-perturbation in Theorem 2.4 is similar, we will give a sketch to the 
proof of Theorem 2.4 in Section 4. 

We will restrict our arguments to the existence of that particular solution of (12.71) 
that concentrates, as e — > 0, at f/^, ff, that is a solution of the form 

2 

i=i 

with Agj — s> +00, 'qi — > fj^ (j = 1, 2) and \\ve\\ — as e — >• 0. 
For r/ = (r/i,r/2) e x M'^, A = (Ai, A2) G M+ x R+, denote 

'dU,nJ_X, \ /dUr,. 



(3.1) 



for j = 1,2, i = l,--- ,h}. 
For each (0, f/^), (0, f/^) G A, r^^ 7^ r/^, > 0, set 



= |(r/,A): r7=(r7\ 7^2)6 5,,(r/i)x 5^(7^2) cR' xR^ 

A = (Ai, A2) G (^^, +00) X (^i, +00) |, 



Let 



(3.2) J(r/,A,t;) = /(5^t/,.,A,+t;). 

Now similar to [U [20j, we have the following lemma. 

2 

Lemma 3.1. For fi > small, u = Urp,\ + v is a positive critical point of I{u) 
in D^'2(R^) if and only if {rj, A, v) is a critical point of J{ri, A, v) in M^. 
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On the other hand, it follows from Lagrange multiplier theorem that {r], A, v) G 
is a critical point of J{ri, A, v) in the manifold if and only if there are numbers 
Bj e R, Cji eR for i = I, - ■■ ,h,j = 1,2 such that 



(3 3, 

j=l j=l i=l It 



(3.4) 



dJ{r],X,v) ^ /d'U, 



(3.5) 

— ^ " . ' ^ = fiV -^,v )+ XIC^jK -^>^ ), J = 1,2, 2 = 1,- ■ 

<9r7^ \ dXjdril / i=i \ drf^drfl / 

In order to verify Theorem 1.1, following the ideas of [20], we show first that for 
(r]. A) G given, there exists v G E^^^x and scalars Bj, Cji, i = 1, ■ ■ ■ , h, j = 1,2 such 
that (13. 3p is satisfied. Then as in [9], we employ a degree argument to find suitable 
{rj. A) G -D^ such that (13. 4p . (13.51) are satisfied. 

Throughout this paper we will let = {XiXj\r]^ — r^-' p)(2-^)/2 i ^ j and 
CM,k=[{N-2){k-l)f-\ 

Proposition 3.2. For f/^, ff E h and {i],X) G -D^j, there exist Eq > 0, fiQ > and 

a C^—map which, to any {ri,X) G D^, e G (0,£:o]; ^ (0,/Uo]; associates fe(?7. A) : 
Z^^ ^ i^jj^A snc/i that Ve{rj,X) satisfies (13.31) /or some Bj,Cji{i = 1, ■ ■ ■,h,i = 1,2). 
Furthermore, v^if]. A) satisfies the following estimate as e 

2 ^ 



where t > is some constant. 



Proof. We expand J{ri, X, v) in the neighborhood v = 0. For v G -Ejj^a we obtain 
(3.6) J{r], X, v) = J{r], X, 0) + (/„ v) + ^{Q,v, v) + R,{v), 

where fe G -Ej^^a is the linear form over Er,,x given by 



2 iV 
^ JV-2 



(3.7) (/„t;)= {j:U,,,x,,v)- [ ^i±lI^iJ2u,^,x,)" ~vdx, 

j=i Jm \y\ ^ ' 
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{QeV,v) is the quadratic form on Er^^x given by 



(3.8) 



{QeV,v)= \\V\\' 



N 



l + eK(x) 



N -2 J^N \y\ 
and Re{v) is the higher order term satisfying 



2 

JV-2 



V dx. 



D^^RAv)=0(\\vf-^'-'), 2 = 1,2, 



where ^ > is some constant. 

From Proposition 3.3, Qg is invertible and < C for some C > independent 

of T],X and e. Now following the arguments in ^ [20] we have 

dJ{r],X,v) 



dv 



f, + QeV + DReiv) 



There exists an equivalence between the existence of v such that (13.30 holds for 

{rj, A, v) and 



/, + g,t; + m(t;) = 0. 



(3.9) 



We are now in the position to use the argument in [20] to establish the existence of 
f(?7. A) such that (3.3) is satisfied for some numbers Bj,Cji{i = 1, ■ ■ j = 1,2). 
Moreover, there exists a constant C > such that 



(3.10) 



l^ll <C^II/.||- 



Now we estimate ||/e||. Note that 



\y\ ' ' ' 



K(X) tsr^ \ N-2 



\y\ 



77^, A J 



i=i 



On the other hand, by Holder inequality and Lemma 5.1 in the appendix. 
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N 



N 



2(N-2) jj 2(N-2) 



v\dx) (2 < 



0{e\t^)\\v 



\y\ 



2{N -I) 
N-2 



2{N-1) 
N-2 

>3) 



<3) 



JV 



2{]V-1) 



]^ N-1 JV-1 

1 4(iV-l) 2(JV-1) - ^ 

\y\ ■n\^t 



l.ll (2 < < 3) 



2(JV-1) 



N-2 

.2{N -I) 
• N-2 



>3) 



Similarly, 



K{x) 



\y\ 



N 
N-2 



vdx 



15: 



^^ufr'vdx 

\y\ "'^^^ 



+0{e 



2 ^ 

i=l J' 



)ll^l 



As a result, combining the above three equations, we complete the proof. 



□ 



Proposition 3.3. Let {r],X) G -D^. Then for ^ > , e > sufficiently small, there 
exists a p > such that 

\\QeUj\\ > p\\uj\\, \f U e Erj^x- 

Proof. By the boundedness of K{x), it suffices to prove the proposition for the case 
e = 0. The main idea of the proof is similar to that of Lemma 2.3 in [18j. 

We argue by contradiction. Suppose that there are /x„ ^ 0, (i]", A„) G D^^ and 
ujn G Erju^Xn such that 



(3.11) 



IIQot^nll = 0(l)lkn| 



where o(l) ^ as n ^ oo. In f l3.1ip . we may assume \\ujn\\ = 1- 

For j = 1, 2, let Uj^nix) = A^-^~^''^^co'„(A^^x + (0, rj^'^)). Then u;j^„(x) is bounded in 
Z)-^'^(M^). Hence we may assume that there is uj G D"^'^(M^) such that as n — oo. 



(3.12) 



UJ 



3,n 



Uj, weakly in D 
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Now we verify that loj = 0. 
Define 



U. 



jV/2<9t^??.'>,Aj>(-P) 



j,n IP=A . ^x+{0,»)J.")' 



(4-7V)/2 



drj: 

gXj,n lp=A-ix+{0,r,J.")- 



i = l,- ■■,h, 



ijJn G Erf«^x^ implies tliat 



CO 



3,n 



e En = life D^'\R^) : / VWj^nV^dx = / VWj,n,N^dx = 



j = 1,2, i = 1,- ■ ■, h, and 



(3.13) 



N -2 



1 



We claim that uj^ solves 



2 

- N~2 



(3.14) 



^'^n — rh— = 0. 

' iV-2 lyl ^ 



Indeed, for any G C(f (M^), we can find Cj,„ and Cj^n,i such that 

2 /i 2 
i=i i=l J=l 

Since has compact support and the support of Wi^n,i and Wi^n moves to infinity as 
n — i> oo for / 7^ j, it is easy to check that ci^ri,i — ^ 0, — as n — > oo for any I ^ j. 
Moreover, Cj^n,i and bounded. 

Inserting into (13.131) and letting n ^ oo, we see 



VujjV'{)dx — 



2 

JV-2 



N-2j^M \y\ 



(3.15) 



— c 



x=iJ iV-2 \y\ 



A=l 



dx 



fdUo^ 
\ dr]i 



dx 



,=0/ N-2 \y\ '\ dr]i 
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ri=0/ J 



(ia; = 0, 



where c = lim„^oo Cj,„ and q = lim„^oo Cj,n,i- On the other hand, 



T7^^^0'l 



^0,1 



dX 



A=l 



(ix = 



Therefore, we obtain 



dr]i 



ri=0 



N-2 \y\ ■'V drii 



dx = 0. 



VujjVipdx — 



N 



TJN- 



2 

N-2 



-Ujipdx = 0, \/ ip E Cq 



N -2 J^N \y\ 
which imphes f l3.14p . 

Proceeding as done to prove fl3.15p . we see from Uj^n ^ En that 



dUo,i 



31 



dX 



A=l 



UJj, 



drji 



ri=0 



0, i = 1, ■ ■ h. 



But, it is verified in [7j that [/o,i is non-degenerate. As a result, we can conclude that 



UJj = 0. 



Now since Uj = 0, we see that 

2 



\y\ 



2 

iV-2 



dx < 

= Oij(l) + o(l 



^\U^i\yndx + 0il) 



where Oi?(l) — > as i?— > +oo. Hence (13.111) implies that 

/ \\/uJn\'^dx — i> 0, {n oo). 
This is a contradiction to \\uJn\\ = 1. 



□ 



4 Proof of the main results 



To solve system (13.41) and (13. 5p . we need to estimate each term in them. 

Lemma 4.1. Let {rj, X) G -D^, f (r]. A) be obtained in Proposition 3.2. For > and 
e > small enough, we have for i = 1,2, 



dJ{ri,X,v) 
dX, 



-c.,h. ^ - ^^^^^ i! E + ! E ^ e + o ^^'^^ 



Xi 



2A?+' L k 



A,; 
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-1+T, 



where, bi < 0, b\ < 0, < are defined in Lemmas 5.2 and 5.3 in the Appendix. 
Proof. By direct computation and Lemmas 5.2-5.4, we have 

2 
7 = 1 



2 

JV-2 



"7V-2 



—e 



Jr'^ \y\ 



1 N.. ||2 



N r 1 

~N-2j^.]^\ 



TJN- 



^ ,^12 (iV - 2)C^,, ^ 6| 1 



-n'\)- 



□ 
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Similar to the proof of Lemma 4.1, using the estimates in Lemmas 5.5-5.7 in the 
Appendix we obtain 



Lemma 4.2. Under the same assumption as in Lemma 4-1, we have for j,l 

l,2,jj^l,t^l,--;h 



1=1 

where C is a positive constant and 64 is defined in Lemma 5. 6. 

Lemma 4.3. For {r],X) £ Df^ and v{r],X) obtained in Proposition 3.2, j — 1,2, i — 
1,- ■ ■,h, 

- o(a5(j;(-;p, + s|V-^1-+^)))+o(V,,), 

1=1 I 

Proof. For each e D^'^{R^), there holds 

j=l ■> j=l i=l n 

dU j ^, dU j ^, 

We take cp — —^3-^, j — 1,2, i — 1, • ■ ■,h into the above equation, and use 

the fact that 

'dJ 5f/„.,A,\ dJ /dJ 9f/^.,A,\ dJ 



dv ' dXj I dXj ' \dv'' drjj ' drjj ' 
then we get a quasi-diagonal Unear system with Bj, Cji as unknowns. Using the 
estimates in Lemmas 4.1, 4.2 and 5.8, the required estimates can be obtained. □ 

Proof of Theorem 2.3. Let 

7172 

~ N-i, 



— £ — 2— (71+72)-7172 
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Now to complete the proof, we only need to show that (13.41) . (13. 5p are satisfied by 
some [rj, A) G -D^. We will show that for some suitable 6 > 0, mi > small and 1712 
large, there exists {rj, A) G -D^ such that 



(Ai, A2) G [miLJi , msLJi ] x [miLJ^ , msLJ^ ], = {7]\r]') G ^^(r]') x S^(r/^) 



(77, A, f (?7, A)) satisfies (13. 4p and (13. 5p . 

Employing Lemmas 4.1-4.3, Lemma 5.8, we get the following equivalent form of 
dH, (I33D 

2 



+ 



N-2 [bi 



1=1 I 

j = l,2,^ = l,---,/i, 

2 



Z=l Z=l » «=1 ' 



+o(££i2+^ir), J = 1,2. 



Let 



Ai = tiL]^ , A2 = t2L2^ , tj G [mi,m2], 
-f]^ = \-^x\ rf -f]'^ = A2 ^^2, (xS G 5^(0) X 5^(0) C X W". 



Then since 61 < and y Yl^=i^i + if XllLi > by (I2.10p . the above system can 
be rewritten in the following equivalent one 



x^ = o,il), J = 1,2, 

= 0,(1), J = 1,2, 



(tlt2)" 



where Cj = — 61 , ^ 
Let 



Af-2 



lElieZ + fEtia^ >0,o,(l)-Oas.-0. 



9ih,t2) = 



71 



Cl 



-72 



C2 



iV-2 / , 
2 



^1 , . iV-2 5 ^2 , 

(tit2)— {ht2 

{ti, 12) G VL2 := [mi, m2] x [mi, m2]. 
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With the same arguments as in [9], we can prove 

deg{{f,g), n,xn2,0)=-l. 



As a consequence, we complete the proof. □ 



Proof of Theorem 2.4. The main idea is from [22] • Since all the computations are 
similar to those in the proof of Theorem 2.2, we only give the sketch. 

For simplicity, we assume that {0,fi^^) = (0,f/^) and (0,f/^) is another local maxi- 
mum point of (p with s = |f/^ — f/^| large enough. Define 

(N-2)J2 (JV-2)7l 
L-^ — 57l72-(7l+72)(JV-2)/2 ^ — 5 7l72 - (7l +72)(JV-2)/2 _ 

Proceeding as done in the proof of Proposition 3.2, we do the finite dimensional 
reduction to obtain v{ri, A) and the same estimate on v{ri, A). 
We now study the problem 

(4.1) inf{J(r/,A,t;(r7,A)): (r^. A) G ^^,2}, 

where 

D^,2 = {{V, A) : iv, A) G D^, Xj G [AL„ fi^Lj], j = 1, 2}, 

/3i > is a small constant and > is a large constant and both of them will be 
determined later. Problem (14. ip has a minimizer {fj, A) G D^ 2- In the sequel. We will 
prove that for s large enough, {fi, A) is an interior point of D^ 2 and thus is a critical 
point of J(?7, A, f (r]. A)). 

By Lemma 5.1, calculating as in the proof of Proposition 3.2, we obtain 



2 

= Y.' 



0(O,r/^)(^-2)/2j~<^(O,ryi)(^-2)/20(o,r/2)(^-2)/2 



3=1 ^3 



2 



1 _ iV-2 0(0, r/^) X 



2 0(O,r/J)^-2 2(iV- 1)0(0,77^)^-1 
20 



TV — 2 1 r 1 / T \ ^(^-1) 



De 



12 



0(O,r/i)(^-2)/20(O,r/2)(^-2)/2 



2(JV-1) 

where ^4 = J^t^ j^f^o,f ^ > is a constant independent of s. 

We first prove that Iv^ — fj-' \ < ■ 
Notice that 

1 1 N-2 ^{0,fj^) 1 1 



\x 



2 0(O,r;i)^-2 2(iV- 1)0(0, r;J)^-i 2(iV - 1) 0(0, r/i)^-2 

+0(|r;^-r/^f^O, 
Q,(^ + (0,?7)-(0,ry^)) > ao|77^-77^p-C 

Hence from 

J{f),X,v{fj, A)) < J{f],X,v{f],X)), 

we conclude 



2 2 ^ 

which imphes If]^ — f]^ < y-- 

At last, we verify that \j G {PiLj, P2Lj), j = 1,2. 

Denote Xj = tjLj, j = 1,2. By the fact jj > N — 2, we deduce that there exists 
(^0,1,^0,2) e K+ X R+, such that 

2 ^ ^ 

^^■^^ 5^ " [Vlio,20(O, 77^)0(0, 772)](iV-2)/2 < < 0" 

Let Ao = {to,iLi, to,2L2). Then 

2 

(4.3) J{v, Ao, v{v, Xo))<J2 2(Ar-l)0(O,j^.-)iv-2 -^ " ^o^"^''^-''-^-'^^-^ 
for some constant Cq > 0. On the other hand, direct computation gives 

2 



J(77,A,^(77,A)) > 



A 



^2(Ar- 1)0(0, 77^)^-2 
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,-1 ^ 



Hence, employing J{ri, A, f (77, A)) < J{ri, Aq, v{ri, Aq)), we see 



2 



/. .X /;V^ 1 -0612 , 27172 (iV-2) 

f4 41 C > < — CnS 27l72-(7l+72){JV-2) 

^ ^ ^ ^Aj^ 0(O,?7i)(^-2)/20(O,r/2)(^-2)/2 - 

If Ai = PiLi, then 

1+0(1) 2 27i72(iV-2) 

(AlAal^^l -^2|2)(7V-2)/2 - ^ 



= _ — — < 2^ 27i72-(7l+72)(JV-2) _ 



Hence (14.41) implies 

c" 2 



< -c' 



This is impossible for f3i small since 71 > — 2. 
If Ai = P2L1, then 

1+0(1) C 271 72 (JV -2) 

pir, = ^^^^ < S 27i72-(71+72)(JV-2) 

(AiA^lr^l - r^2|2)(^-2)/2 - ^(iV-2)/2^(iV-2)/2 



Hence (14.40 implies 



"^(iV-2)/2^JiV-2)/2 - ^0- 



This is impossible for P2 (depending on Pi) sufficiently large. Since the same argument 
can be applied to A2, we see Aj G {PiLj, P2Lj), j = 1,2. □ 

Now we give the proof of Theorem 1.1 and Theorem 1.2. 
Proof of Theorem 1.1 and Theorem 1.2: Define 

(M^) ^{ue Z}^'2(R^) : u{y, z) = n(|y|, z)}, 

then it is well known that the positive critical points of /|^i,2^g,jv-j are indeed critical 
points of / in D^^'^iM.^). Hence, since Proposition 2.1 and Corollary 2.2, to complete 
the proof, it suffices to prove that if 0(?/, z) is cylindrically symmetric in y, then so 
is fe in Proposition 3.2. 
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Indeed, if (l){y,z) — (j){\y\,z), since ^ , g^l ^ are cylindrically symmetric in 
y, we can do in the proof of Proposition 3.2 the finite dimensional reduction of J to 
get the same results in Dl:^(R.^). □ 

5 Appendix 

In this section we give some basic estimates used in the previous sections. 
Lemma 5.1. Let a > P > 1 such that a + P — ^^ij^- Then 

I U ^^^i ^"^^ ^ '-'N,k£ij [ , I 1X2 , I 121^ ^ ^^S^^^ ' 

Jri^ \y\ \y\[{l + \y\y + \z\^]2 

where r is some small positive constant. 

Proof. We only prove the first estimate for the case Ai > A2, all the rest can be 
proved similarly. Split 



{x : \x\ < v/A^/10} 



\J{\x\ > VAA^/10: |a:-Ai(0,r;2-r;i)| < Ai|r;2-V|/10} 



= : Qi U U Q3. 



1 



Cnm dx 



f dx / {N-2)\y\ 

''4 |?/|[(l+M)2+|z|2]f I Ai/A^ + AiA^lr^^-r^ip 



N-2 
2 



|y|[(l+|y|)2 + |^|2]f 



N-2 
2 
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f dx / 

' Jm^ |t/|[(l+||/|)2+|z|2]f V 12 

1 N /■^^I'^'-^'l/iVAixf dx 



'-ij / 



JV-2 
2 



CN±£ij / — — — , iv + (^ii 



21 4 ^ *J 



Lemma 5.2. For (r/, A) e small, we have for j ^ i, j, i — 1,2, 



□ 



where 



AT f 
2 Jm 



|y|[(l + |y|)2 + |^|2] 



Af+2 
2 



Proof. 



2Xj 



r I r 1 -fL_ [\y\ + j-)\y\ + \z - i^-'l" 



= : 7i - Nh. 

Proceeding as done in the proof of Lemma 5.1, we find that 
h 

CN,k f {1 + \y\)\y\ + \z\^ dx 



\ I I ir/ I l\0 I I r.1 iV+2 N—2 

A. J.^\ym+\y\r + m . (^A,(i + A,|^|). + ,^^_^(^2_^i)|2) ^ 

A,- V |^|[(i + 1^1)2 + |^|2]^ V A,- / 

Ii has been estimated in Lemma 5.1. As a result, we complete the proof. □ 



Lemma 5.3. Under the assumptions of Lemma 5.2, we have for j = 1,2, 

\y\ ""^^'^^ dx, - 2xr' [k2-^^^^ h^^'^r'^yxr'^'') 



j i=l i=l j 
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where 

' Jm \ym + \y\y + ' ' L 

Proof. 



\z\ 


r^'(i-ii/p-i 


z\ 




\ym + \y\y+ 


\z 


2jAf 



\y\ "''^^ dX 



P k h 

/ (y2^\yi^' +j2ai\z.-nir^+o{\x- (0, vni'^^n) 



X 



1 ^ 9C/„. 



|y| "^'^^ 9A 



+o(-l^)+o(i-|^-^ 



CM,k{N-2) 



2a; 



a'lzA^^ 











\z\ 


2jJV 



k 



\y\^^ii-\y\'-\ 


z\ 




\ym + \y\)' + 


\z 





, Civ,fc(iV-2) ^ , /• 







2; 




M[(i + M)^ + 




2jAr 
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Lemma 5.4. Suppose {r], A) G -D^, v G i?»j,A- U o-nd e are small, then for i = 1,2, 

2 



l + eK{x) 



\y\ 



JV-2 dU.f^i \- 



vdx 



l/2+r - 1 



ri^\^^ ] ] \\v\\. 



Proof. Similarly to the proof of Lemma 4.3, we have 
1 + eK{x 



\y\ 

1 + eK{x) 
{l + eK{Q,n')) 



da 



vdx 



dX, 



+0 



vdx 



.l/2+r 
'12 



+e 



O 



1 ..^^U„^ 



[ {K{x)-KiO,r^^))^U^\^, 

JdR'^ \y\ 



vdx 



+0 



J/2 + T 

-12 



-l/2+r 
-12 



''' ~ Tj-'y^ 1 1 iif II . 



Lemma 5.5. For (r], A) G -D^, small, we have for j ^ i, j,i = 1,2, I = 1, 



N-2J^M \y\ ^''^^ dril 
CnAN-2) 



U^ix^dx 



h 



-sui^i - Vl) 



JV+2 



\y\[{l + \y\y + \z\^]- 



dx 



□ 



■,h. 



Proof. The proof can be completed with the same arguments as that of estimate 
(F16) in ^ and Lemma 4.1. □ 

Lemma 5.6. For (77, A) G -D^, fi small, we have for j = 1,2, i = 1, ■ ■ ■, h. 



mu^^?Ei^dx 

\y\ ''^'"^ dri 



A 



7,-2 



A 



7,-1 



-o 



A 



7j 
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^ + A,|r^^-r^^P+-)+0(^) 



where 



Proof. 



■ C^,fe(iV-2)7, 
h 







\ym+\y\r+ 


z 


2jiV 



7iRiv |y| "^'^^^ 977/ 

„ k h 

1 ^(5-1) X^:{zi-vi)dx / 1 \ 



" ^ VM^^tr Ji^i^^A, [(l + A,H)2 + A,2|.-r;^-p] 



Cjv,fc(iV-2) 



JRr^ til ^ 



Jm+W+W: 



N 



hX] 

\2 





z\'^^dx 




z 





3 3 



□ 



Lemma 5.7. Suppose (77, A) e v e -Er^^A- -(jfA* a'^c? £ a'^e small, then 

1 + eK{x) (s;^ \-N^iJ'Jrf,\, 



E\ Ar-2 I^L^i 
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-vdx 



1 \' 



V'T^ I i|f ||. 



Proof. The proof is similar to Lemma 5.4. □ 
Lemma 5.8. Suppose {r], A) G D^, v G -Ej^.a- ///U o'T'C? e are small, then 



dXj dXi I AjAj AjAj 



Proof. The proof is similar to those of [3] and Lemma 5.1. □ 

Lemma 5.9. Let hi, 63 and 63 he defined as in Lemmas 5.2 and 5.3. Then, 
[k"^ - 2 + k{h - I) + h]Nu}hi^k s'^-^ds /■+°° t^-^dt 



hi 



{2N + 2k - 2)uhU}k /■+°° s^^+^-'^ds /•+°° t'^'Mt 



2 (2iV-/i-l)(2iV-/i-2)yo (1 + + 

hi — ' ' 



3 AT -7,- + A; -2 Jo (1 + Jo (l + t2)iV 

Hence, &i < 0, 6^ < anc? &i < 0. 

Proof. We only prove the estimate for 63 since the estimates for hi and 62 are similar. 
Firstly, it is easy to check that 

(5-1) / 7^^:^ = Z / 7^^' V0<m<n-1, 







+00 ^m+l^g r+co ^m^g 



(5.2) / — - = -/ -, V0<m<n-1 
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(5.3) 



+00 j.m-2 



2n — m 



+ 2(n-l) 



+00 

rr — -, V0<m<2n-1. 

(1 + i2)n-l' 



Changing to polar coordinates and using the change of variable t — -t^-, we can find 
that 



00 ^+00 ^k-lp,+h-l(^i_ ^2 _^2^ 
s[(l + s)2+t2]iV 



dsdt 



hoo j.7,+/i-l 



/■+00 gfc-2^g r+00 

/■+°° s^^ds /■+°° 



+ t2)iV 

+00 ^^■+h-l^^ 



s^-'ds 

"io (1 + 5)2^-7.-/^-2 X (1 



+ s)2^-7r 

Inserting (5.1)-(5.3) into the above equation, we see 



+00 fij+h+i^f 



+00 



^k-2 



ds 



(1 + 5)2^-7.-/^ 

7j + 



+00 



s ds 



2N--fj-h-2 
- 7j + A; - 2 



Jo (1 

/■+00 
i) (1 



(1 + s)2A^-7.-'^ 
„fe-2 



ds 



+ s)2^-7.-/» 



-2 



-00 



(1 + ^^) 



JO 



+00 



_|_ g^N-ij+k-2 



p+oo p. 

Jo (T 



dt 



+ ^2) 



AT 



< 0. 



□ 
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